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Abstract 

We solve a renormalized Wheeler-DeWitt equation for Einstein gravity m. D + 1 
dimensions with D = odd in the strong couphng hmit, which is expected to be suited 
to probe quantum geometry at short distances, in order to test Hofava's idea that 
quantum gravity at short distances wih be described by a nonrelativistic system 
with dynamical critical exponent z > 1. Our results support the idea and show that 
the Wheeler-DeWitt equation possesses a solution associated with a z = 2 Lifshitz 
point but no other z > 2 solutions to leading order of the strong coupling expansion. 
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1 Introduction 



Hofava lU [2] has recently proposed an interesting idea that quantum gravity at short 
distances will be described by a nonrelativistic system with an anisotropy between space 
and time. The anisotropy is characterized by the dynamical critical exponent z. A 
number of studies have been recently made on the Hofava-Lifshitz gravity to examine its 
cosmological applications [3], black hole physics [1], theoretical aspects [5], etc. However, 
little attention has been paid to a possibility that quantum theory of Einstein general 
relativity will have a z > 1 Lifshitz point at short distances, or that quantum Einstein 
gravity will be described effectively by a nonrelativistic theory at high energies, where 
Lorentz invariance should be broken spontaneously in the UV§ rather than emerging 
accidentally in the infra-red. This is the perspective we adopt in this paper. 

In [Zl [8], we have presented a renormalization prescription of the 3 + 1-dimensional 
Wheeler-DeWitt equation [9], and found a solution in the strong coupling expansion, 
which is expected to probe short distance behavior of quantum gravity [10]. Since the 
formalism is particularly suited to test Hofava's idea, it will be worth while reinvestigat- 
ing the previous study of the Wheeler-DeWitt equation from a new aspect of Hofava's 
proposal, and extending the analysis to higher dimensions. The purpose of this paper is 
to answer the question whether the renormalized Wheeler-DeWitt equation for Einstein 
gravity in + 1 dimensions can possess any solutions associated with z> \ Lifshitz points 
to leading order of the strong coupling expansion. Our answer is positive and we find a 
z = 2 solution but no other z>1 solutions for D = odd. 

This paper is organized as follows. In section 2, we explain our renormalization pre- 
scription for the Wheeler-DeWitt equation in D + 1 dimensions. In section 3, we discuss 
consistency of the constraints with our renormalization procedure. In section 4, we solve 
the renormalized Wheeler-DeWitt equation to leading order of the strong coupling ex- 
pansion. Section 5 is devoted to conclusions. 

2 Renormalization Scheme 

In this section, we present a renormalization prescription for the Wheeler-DeWitt equation 
in D + 1 dimensions. The prescription has been developed by Mansfield [TT] for the 
functional Schrodinger equation of the Yang-Mills theory and then generalized to the 
Wheeler-DeWitt equation [7, 8J. In the following, we extend the technique given in [71 [8] 
to arbitrary dimensions. Since actual computations are tedious and lengthy, we will omit 
the details in this paper. Instead, we will refer the reader to the appendices of [8] for 
D = 3. We will ignore boundary terms and freely drop integrals of all total derivative 

^ An attempt has been made in [B]. 
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terms. The inclusion of those effects is beyond the scope of the paper. 
The (unregulated) Wheeler-DeWitt equation [S] is given by 



6qki{x) 6gij{x) IQttG V 



m = 0, (1) 



where G is the "Newton" constant in D + 1 dimensions and Gijki{x) is the metric on 
superspace 

Gijki{x) = ^^y=^ [9ik{x)gji{x) + gii{x)gjk{x) - j^—^ 9ij{x)gki{x)^ ■ (2) 

The R{x) denotes the scalar curvature constructed from the D-dimensional metric gij{x) 
and A is a cosmo logical constant. The equation ([1]) is ill defined because a product of two 
functional derivatives at the same point 

S S 

A{x) = Gijkiix)- — — - — — (3) 
dgki{x) dgij{x) 

could produce the square of 5-functions, like x'))^, which is meaningless. To make 

([3]) well defined, we need to replace A(a;) by a renormalized operator Aji{x). To this end, 
we first define a regularized differential operator A(x; s) by point-splitting the functional 
derivatives by use of a heat kernel [3, [8]: 

A{x;s)= [ d^x' Ki>fki{x',x;s) \ - — ^— - , (4) 
J dgki[x)dgiij\x') 

where Kiij'ki{x', x; s) is a bitensor at both x' and x and satisfies the heat equation 

d 

- —Ki>j,kiix',x;s) = -V'pV Ki>j>kiix',x;s) (5) 

with the initial condition 

lim Ki>j>ki{x', x;s) = Gi'j>ki{x) 6^{x', x) , (6) 

which assures that A(x ; s) reduces to A(x) in the naive limit s ^ 0. Here, denotes 
the covariant derivative with respect to x'. Taking s small but nonzero in (jlj) gives a 
regularized operator of A(x). We have chosen the factor ordering written in (jlj). Other 
choices of factor ordering will lead to different numerical values of our results but will not 
change the qualitative features. 

The heat equation ([5]) can be solved by the standard technique [HI |13]. Let O be 
D-dimensional integrals of local functions of gij. The action of A(x ; s) on O will give an 
expansion in powers of s. These powers of s may be determined from general coordinate 
invariance and dimensional analysis. For example, we have 

A(a; ; s) j d%^) = |"o + £ <OUx) ] , (7) 

la n=l J 

A{x-s)Jd^y^)R{y) = Ipo + s P^R{x) + Y,^s-+'P:+i0^2in+i)i^)Y 



a n=l 
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where {02n(^)} symbolically denote a set of independent local scalar functions of mass 
dimension 2n, and a^, (3^ are dimensionless numerical constants. The first few coefficients 
are found to be 



tto = - 
/3o 



4(D-l)(47r)^/2 ' 
{D-2)D{D + l) 



K47r)^/ 
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_ {D-2){D^ + IQD^-UD-U) 
48(D-l)(47r)^/2 ■ 

These results agree with the values given in [71 [8] for D = 3. Note that /3o = /3i = for 
D = 2. This is consistent with the fact that the term J d^y^/gR is a topological invariant 
for D = 2. 

The second step of our renormalization prescription is to extract a finite part from 
A{x ; s)0. We define Aji{x)0 from A{x ; s)0 by analytic continuation [11] : 

POO 

Ar{x)0= lim s / rfee"~V(£) A(x;s = e2)C. (10) 

Note that if A(x ; s = 0)0 is finite, Aji{x)0 reduces to A(x ; s = 0)0 provided that the 
differentiable function (j){6) rapidly decreases to zero at infinity with 

0(0) = 1. (11) 

According to the above renormalization prescription, we have, for example, 

Ak(x)|AvW= I "0 + E E p - 2n)! ^^""^"^^ I ' ^^^^ 

An{x)jd''y^)R{y) = | ^^2)! ^° + ^^/?ii?(a;) 

+ E E /^n.i (X) I , (13) 

where (/)(")(0) = ci"0(O)/rfe'", and [i:>/2] denotes the Gauss symbol ([L>/2] = (£> - l)/2 
for D = odd, [-D/2] = D/2 ioi D = even). The results depend on the arbitrary function 
0. This is an inevitable consequence of isolating finite quantities from divergent ones. 
Physical quantities must be independent of this arbitrariness, so that coupling "constants" 
should be regarded as functions of 0. This is the basic problem of renormalization pTllTtlS]. 
We will return to this point later. 
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3 Consistency of Constraints 



We have chosen the renormahzation prescription to preserve D-dimensional general coor- 
dinate invariance. This does not, however, guarantee the whole symmetry of the theory 
at quantum level. We have to ensure that our renormahzation procedure is consistent 
with the constraints which are generators of the symmetry. 

The constraints consist of the momentum constraint and the Hamiltonian con- 

straint 7i(x). Since our renormahzation procedure preserves D-dimensional general coor- 
dinate invariance, no anomalous terms may appear in commutators with the momentum 
operators. In our renormahzation prescription, should be replaced by the renormal- 
ized Hamiltonian constraint 



Hnix) = -IQ-kG ^r{x) + (r{x) + 2a) . (14) 

Anomalous terms would appear in the commutator of TY/j's : 
d^xr]i{x) Hr{x), j d^yr]2{y)nR{y) 

= 1 [d''xUix){VM^)) - {WM^))v2ix))wix)+AT, (15) 



where rji and ri2 are arbitrary scalar functions. The anomalous term AF is expected to 
be of the form 

Ar = J d^x^)Y, E p _ 2n)\ ' • 

We notice that dimension zero and two operators Oq and O2 will not appear on the right- 
hand-side of f|T6|) because there are no such operators satisfying the antisymmetry under 
the exchange of rji and 772. There exists a dimension four operator O^, which is the lowest 
operator satisfying the antisymmetric property, i.e. C4 = (r7i(Vi?72) — (Vj 771)772) V*-R, up 
to a constant. In [3 [8], it has been shown that AF is proportional to 0'-^^(O)(54 with a 
nonzero coefficient for D = 3, as expected in (fT6ll . 

We could, in principle, compute the right-hand-side of (fT6l) but it is practically im- 
possible for any D because the size of computations will increase rapidly with D. It 
will not, however, be unreasonable to assume that every 02{n+i) is no n- vanishing for 
n = 1, 2, ■ ■ ■ ,[D/2] in f|T6l) even for D > 3 since there is no symmetry to prevent every 
term in (fT6|) from appearing. Thus, we conclude that the anomaly free condition AF = 
requires that 

0(^-2) (0) = 0(^-4) (0) = . . . = 0(1) (0) = (17) 

for D = odd. For D = even, there is an obstacle. If Od+2 is nonzero, AF cannot be zero 
for D = even because of the condition f|TT]) . We will hereafter restrict ourselves to the 
case of D = odd, unless stated otherwise. 
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4 Strong Coupling Expansion and z > 1 Lifshitz Points 



Let us now solve the renormalized Wheeler-DeWitt equation 

-167rGA^(x) + ^^(i?(x) + 2A) = (18) 

with the anomaly free condition f[T7|) . Since we are interested in short distance behavior, 
we do not probably need to solve it exactly. The strong coupling expansion will be well 
suited to probe quantum geometry at short distances [I0l[7l[8]. We then assume that the 
wave functional "^[g] has the form 



m = exp { - S[g] } = exp I - f; 

\ n=l ^ ^ 



2n 

Sn[g] } ■ (19) 



Substituting f|T9l) into f|T8l) . we have the leading order equation 

An{x) S^[g] = - {R{x) + 2A ) . (20) 

Since we are looking for solutions that realize Hofava's idea [Il[2], we restrict the form of 
Si[g] to a finite sum of integrals of local functions of gij-. 

N 

S, [g] = / d^x ^2n(^) , (21) 

a n=0 

where 7^ is a dimensionful constant of mass dimension ~D — 2n + 2. According to the 
discussions given in [U [2], the solution (1211) turns out to realize a. z = 2N Lifshitz point 
if one of the coefficients 7^ for the highest operators given by the form ~ (V)^'^~^-R 
is non-vanishing. 

It is easy to see that the relations (fT2l) and ( fT3l) together with the constraints ( ITTl) 
lead to a solution with = ll^l 



Si[g] = j d^x {70 + 71 R{x)] , (22) 



where 



^ _ 4(D-l)^(D-2)!(47r)^/^ / ^ , QD{D-l)(j)^^+^\0) 



(D2 _ 2)0(^5) (0) V {D + 2){D^ + 10D^-13D-3A)(f)(D){0) 
^ A8{D - 1)D\ (4vr)^/^ 

{D - 2) (D3 + 10^2 - 13/} - 34)0(^) (0) ■ ^ ' 

Thus, we conclude that the renormalized Wheeler-DeWitt equation has a 2; = 2 solution 
to leading order of the strong coupling expansion. 



In [14], Kodama has pointed out that the exponential of the Chern-Simons action is an exact 
solution of the Hamiltonian constraint in the holomorphic representation of the Ashtekar formalism [15] . 
Connections with our solution are unclear. 
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The form of the leading solution (1221) is good news for the renormalizability of the 
theory and our strong coupling approximation. In our formulation, the renormalizability 
requires that all physical quantities must be independent of the arbitrary function 0(e) or 
0*^")(O). Fortunately, this can be achieved, at least to leading order, by absorbing 0^^^(O) 
and (j)^^^"^^ (0) into the redefinition of G and A because the leading order wave functional 
becomes independent of 0. This implies that the combination C^lfi) fi^, where /i is a 
mass parameter defined by 0^^^(O) ~ fj.^, should be independent of fx. This fact makes 
a physical meaning of our approximation clear. Since the actual dimensionless expansion 
parameter is l/[G'^{ix)fi^^^~^^] and since it tends to zero as the mass scale fi increases (if 
D > 2), our strong coupling expansion is thus expected to give a good approximation 
scheme at high energies, as mentioned before. 

Let us next try to construct solutions associated with higher Lifshitz points. Suppose 
that Sl[g] is another solution to ( l20l) . Then, Sl[g] — Si[g] has to satisfy 

A^(x)(s;M-5iM) =0. (24) 

If Sl[g] would correspond to a 2; = 2N solution, Sl[g] — Si[g] should be expanded 

SM - SM = / d^x T.J2^n OL{x) . (25) 

a n=0 

It turns out that the action of Aij(x) on (l25ll will lead to 

N 

A«(x) (S[[g] - SM) = E E C C?2n(^) ■ (26) 

a n=0 

Since C2n's are independent each other, all the coefficients 5^" have to vanish to be a 
solution to (124|) . Note that the number of the parameters is, in general, less than 
that of {5!^} because if is written as a total derivative like VjV*-R, it does not 
contribute to ( l25l) but can appear in ( l26l) . Therefore, all the coefficients 5^ in ( 125|) should 
be trivial as long as there is no accidental degeneracy in the relations between 5^ and 
5!^. For D = 3 with = 2, we can explicitly verify that there is no nontrivial solution 
S{[g\. We thus conclude that the solution (!22l) is unique to leading order in the strong 
coupling expansion in a class of integrals of local functions given in fl2ip FI This result 
shows that the quantum Einstein gravity in our Wheeler-DeWitt formulation possesses a 
unique z = 2 Lifshitz point in the strong coupling limit. 

Before closing this section, we would like to make a few comments in order. First, 
it should be stressed that the strong coupling expansion is not a derivative expansion 

^ We can add a gravitational Chern-Simons term discussed in [2] to ((25)) . However, the conclusion 
given below will not change. 

^ This conclusion does not mean that there are no nonlocal solutions which include infinitely many 
higher derivatives. 
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because higher derivative terms, hke R"^ (m > 1), could appear on the right-hand-side 
of (122]) but it happens that their coefficients are zero as a solution to the equation fl2Ul) . 
Since our results show that in the strong coupling limit the D + 1-dimensional quantum 
Einstein gravity reduces to the D-dimensional Einstein gravity, one might expect that 
by the inverse Wick rotation the (D — l) + 1-dimensional theory could further reduce to 
(D— l)-dimensional one. This is not, however, the case because our formulation can apply 
only for the case of D = odd due to the anomaly in f|T5|) . The final comment is that we 
need the "cosmological" term 70 in (l22l) in order for (!22|) to become a solution to (!20!) 
even if A = 0. 

5 Conclusions 

In this paper, we have solved the renormalized Wheeler-DeWitt equation in D + 1 di- 
mensions in the strong coupling limit to test Hofava's idea that quantum gravity at short 
distances will be described by a nonrelativistic theory with z > 1. Our results indicate 
that the dimensional reduction [16] from D + 1 to D dimensions for D = odd occurs in 
the strong coupling limit and the quantum Einstein gravity has a z = 2 Lifshitz point 
but no other higher Lifshitz points. Although we have not found a z = 3 solution [21 [17] , 
which will lead to a power-counting renormalizable quantum gravity theory in 3 -|- 1 di- 
mensions, we may still have a chance to get a finite theory because the 3-dimensional 
Einstein gravity has no local excitation and can be described by a topological field theory 

m- 

Our analysis can also be applied to the functional Schrodinger equation for the Yang- 
Mills theory. In [T9l [TT| [20] . it has been suggested that the dimensional reduction from 
3 + 1 to 3 dimensions occurs in the infrared region and a vacuum wave functional for 
the 3 + 1-dimensional Yang-Mills theory is given by the exponential of the 3-dimensional 
Yang-Mills action. This result now has a new interpretation that the Yang-Mills theory 
can be described hj a z = 2 nonrelativistic theory at low energies^ It would be of great 
interest to investigate the Yang-Mills theory at low energies from a new perspective. 
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